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We investigate several ingredients for a theory of multiple hard scattering in hadron–hadron collisions.
Issues discussed include the space–time structure of multiple interactions, their power behavior, spin and
color correlations, interference terms, scale evolution and Sudakov logarithms. We discuss possibilities
to constrain multiparton distributions by lattice calculations and by connecting them with generalized
parton distributions. We show that the behavior of two-parton distributions at small interparton
distances leads to problems with ultraviolet divergences and with double counting, which requires
modiﬁcation of the presently available theoretical framework.
© 2011 Elsevier B.V. Open access under CC BY license.1. Introduction
In hadron–hadron collisions at very high energies, several par-
tons in one hadron can scatter on partons in the other hadron
and produce particles with large transverse momentum or large
invariant mass. The effects of such multiparton interactions av-
erage out in suﬃciently inclusive observables, which can be de-
scribed by conventional factorization formulae that involve a sin-
gle hard scattering. However, multiple interactions do change the
structure of the ﬁnal state. They have been seen at the Tevatron
[1,2] and are expected to be important for many analyses at LHC
[3–5].
The phenomenology of multiparton interactions relies on mod-
els that are physically intuitive but involve signiﬁcant simpliﬁca-
tions. A brief review of the subject can be found in [6] and an
overview of implementations in event generators in [7]. So far
a systematic description of multiple interactions in QCD remains
elusive. In this Letter we report on some steps towards this goal.
We will see to which extent the cross section formulae currently
used to calculate multiple-scattering processes can be justiﬁed
in QCD and to which extent they need to be completed. At a
more fundamental level, we ﬁnd that there is an unsolved prob-
lem of double counting between single and multiple hard scatter-
ing.
We consider the case of two hard scatters at parton level.
For deﬁniteness we analyze the production of two electroweak
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Open access under CC BY license.gauge bosons with large invariant mass (γ ∗ , Z or W ) and indi-
cate which of our results can be generalized to other ﬁnal states
such as jets. Since the main interest in multiparton interactions
is driven by the need to understand details of the ﬁnal state,
we keep the transverse momenta of the produced gauge bosons
differential, rather than integrating over them. For the produc-
tion of a single boson there is a powerful theoretical description
based on transverse-momentum dependent parton densities [8–
11], which we aim to extend to the case of multiparton interac-
tions. Integrating over transverse momenta gives the more famil-
iar formulation in terms of collinear parton distributions. Detailed
derivations of our results and further discussion will be given
in [12].
2. Tree-level analysis
We begin by sketching the derivation of the cross section for-
mula for double parton scattering at tree level. For deﬁniteness
we take two colliding protons and consider the case where the
two partons coming from one of the protons are quarks. The cor-
responding graph is shown in Fig. 1a, which also speciﬁes our
assignment of momentum variables.
We use light-cone coordinates v± = (v0 ± v3)/√2 and v =
(v1, v2) for any four-vector v and choose a reference frame where
p moves fast to the right and p¯ fast to the left, with transverse
momenta p = p¯ = 0. We consider kinematics where the invariant
masses of the bosons are large and where their transverse mo-
menta are much smaller, i.e. we require qT  Q with q21 ∼ q22 ∼ q2T
and q2 ∼ q2 ∼ Q 2.1 2
390 M. Diehl, A. Schäfer / Physics Letters B 698 (2011) 389–402Fig. 1. Graphs for the production of two gauge bosons by double (a) or single (b) hard scattering. The dotted line denotes the ﬁnal-state cut. The decays of the gauge bosons
into fermion–antifermion pairs are not shown for simplicity.The lower blob in Fig. 1a is described by the correlation func-
tion for two quarks in a proton,
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∫
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Here T denotes time ordering and T¯ anti-time ordering, as appro-
priate for ﬁelds in the scattering amplitude or its conjugate. The
association between momenta and ﬁeld positions becomes clear
if one rewrites z1k1 + z2k2 − yr = (y + 12 z1)(k1 − 12 r) + 12 z2(k2 +
1
2 r) + 12 z2(k2 − 12 r) − (y − 12 z1)(k1 + 12 r) in the Fourier exponent.
For now we gloss over the ﬂavor and color structure of Φ , which
will be discussed in Sections 5 and 6. Throughout this work we
consider unpolarized protons, so that an average over the proton
spin in (1) is understood. The correlation function Φ¯ for two anti-
quarks in a proton is deﬁned in analogy to (1), with interchanged
roles of the q and q¯ ﬁelds. The contribution of graph 1a to the
cross section then reads
dσ |1a
d4q1 d4q2
= 1
S
1
4pp¯
[
2∏
i=1
∫
d4ki d
4k¯i δ
(4)(qi − ki − k¯i)
]
× (2π)4
∫
d4r d4r¯ δ(4)(r + r¯)
[
2∏
i=1
Hi,βiαi β¯i α¯i
]
× Φα1β1α2β2(k1,k2, r)Φ¯α¯1β¯1α¯2β¯2(k¯1, k¯2, r¯), (2)
where Hi(ki, k¯i, r, r¯) is the squared amplitude for each of the two
hard-scattering processes. Repeated Dirac indices α1, β1, etc., are
to be summed over. The statistical factor S is 2 if the ﬁnal states
of the two hard scatters are identical and 1 otherwise.
To proceed, we make the same approximations as in processes
with a single hard scattering:
1. Use that the minus-momenta of right-moving partons and
the plus-momenta of left-moving partons are small compared
with the large scale Q . The constraint δ(4)(r+ r¯) forces r+ and
r¯− to be small, although by general scaling arguments they
could both be large, and the constraint δ(4)(qi − ki − k¯i) leads
to k+i ≈ q+i and k¯−i ≈ q−i . Deﬁning
xi = q+/p+, x¯i = q−/p¯−, (3)i iwe thus ﬁnd that the parton momentum fractions (k+i ±
1
2 r
+)/p+ ≈ xi and (k¯−i ± 12 r¯−)/p¯− ≈ x¯i are ﬁxed by the ﬁnal-
state kinematics. Note that this does not hold for the trans-
verse parton momenta, since qi receives contributions from
both ki ± 12 r and k¯i ± 12 r¯.
2. Neglect small plus- and minus-components, as well as all
transverse momenta in the squared parton-level amplitudes
Hi , which then depend only on q
+
i and q
−
i , i.e. on quantities
of order Q . After this approximation, the integrations over k−i
and r− in (2) only concern the factor Φ , and those over k¯+i
and r¯+ only concern the factor Φ¯ .
3. Perform a Fierz transformation for the index pairs (αi, βi) and
(α¯i, β¯i) in (2). The correlation function Φ is then multiplied
with Dirac matrices that can carry Lorentz indices. One has to
retain only those terms with the maximum number of plus
indices, since the momenta on which Φ depends are largest
in the plus-direction. For Φ¯ the dominating terms have the
maximum number of minus indices.
After these steps we ﬁnd that the two-quark distributions required
to describe the graph Fig. 1a read
Fa1,a2(x1, x2,k1,k2, r)
= (2π)32p+
∫
dk−1 dk
−
2 dr
−
×(Γa1)β1α1(Γa2)β2α2Φα1β1α2β2(k1,k2, r)
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r+=0
= 2p+
[
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2zi
(2π)3
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−
i p
+−ziki)
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×
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dy− d2 y ei yr〈p|Oa2(0, z2)Oa1(y, z1)|p〉 (4)
with bilinear operators
Oa(y, z) = q¯
(
y − 1
2
z
)
Γaq
(
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)∣∣∣∣
z+=y+=0
. (5)
Here a = q,
q, δq labels the quark polarization and
Γq = 1
2
γ +, Γ
q = 1
2
γ +γ5, Γ jδq =
1
2
iσ j+γ5 (6)
with j = 1,2. The operators in (5) are well known from the def-
initions of single-parton densities for unpolarized, longitudinally
polarized and transversely polarized quarks, see e.g. [13,14]. Anal-
ogous deﬁnitions hold for antiquarks and for a left-moving hadron.
The cross section in (2) can ﬁnally be written as
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i=1 dxi dx¯i d2qi
= 1
S
∑
a1,a2=q,
q,δq
a¯1,a¯2=q¯,
q¯,δq¯
[
2∏
i=1
σˆi,aia¯i
(
q2i
) ∫
d2ki d
2k¯i δ
(2)(qi − ki − k¯i)
]
×
∫
d2r
(2π)2
Fa1,a2(xi,ki, r)Fa¯1,a¯2(x¯i, k¯i,−r), (7)
where here and in the following we write F (xi,ki, r) instead of
F (x1, x2,k1,k2, r) for brevity. The parton-level cross sections are
given by
σˆi,aa¯ = 1
2q2i
[
Pa(ki)
]
αβ
[
Pa¯(k¯i)
]
α¯β¯
Hi,βαβ¯α¯, (8)
with quark spin projectors Pq(k) = 12k+γ − , P
q(k) = 12γ5k+γ − ,
P jδq(k) = 12γ5k+γ −γ j and corresponding antiquark spin projectors
Pa¯ . It is understood that for each ai = δq both Fa1,a2 and σˆi,aa¯
carry extra indices j associated with the direction of the trans-
verse quark polarization. Corresponding remarks hold for a¯i = δq¯.
The difference r of transverse parton momenta can be replaced
by the Fourier conjugate position y, both in the distributions
Fa1,a2(xi,ki, y) =
∫
d2r
(2π)2
e−i yr Fa1,a2(xi,ki, r)
=
[
2∏
i=1
∫
dz−i d
2zi
(2π)3
ei(xi z
−
i p
+−ziki)
]
× 2p+
∫
dy− 〈p|Oa2(0, z2)Oa1(y, z1)|p〉 (9)
and in the cross section
dσ |1a∏2
i=1 dxi dx¯i d2qi
= 1
S
∑
a1,a2=q,
q,δq
a¯1,a¯2=q¯,
q¯,δq¯
[
2∏
i=1
σˆi,aia¯i
(
q2i
) ∫
d2ki d
2k¯i δ
(2)(qi − ki − k¯i)
]
×
∫
d2 y Fa1,a2(xi,ki, y) Fa¯1,a¯2(x¯i, k¯i, y). (10)
Integration of the cross section over q1 and q2 leads to collinear
(i.e. transverse-momentum integrated) two-parton densities
Fa1,a2(xi, y) =
∫
d2k1 d
2k2 Fa1,a2(xi,ki, y). (11)
The corresponding cross section formula is the basis for the phe-
nomenology of multiple interactions and has been used for a long
time. It was derived in [15] for scalar partons and in [16] for
quarks, in ways similar to the one we just sketched.
As we will discuss in Section 13 the integral in (11) diverges
logarithmically at order αs and requires appropriate regulariza-
tion. Up to this caveat, which also applies to single-parton den-
sities, F (xi, y) gives the probability for ﬁnding two partons with
momentum fractions x1 and x2 at relative transverse distance y
in a proton. By contrast, F (xi,ki, y) depends on both transverse-
momentum and transverse-position arguments for the quarks and
does not admit a probability interpretation due to the uncertainty
principle. Instead, F (xi,ki, y) has the structure of a Wigner distri-
bution [17] for the transverse degrees of freedom: the integral (11)
gives the probability to ﬁnd two partons at transverse distance y,
whereas the integral
∫
d2 y F (xi,ki, y) = F (xi,ki, r = 0) gives the
probability to ﬁnd two partons with transverse momenta k1 andk2. A similar discussion for generalized parton distributions can
be found in [18]. Using (5) and (9) we can identify k1 and k2 as
the “average” transverse momenta of the two partons and y as
their “average” transverse distance, where the “average” refers to
the scattering amplitude and its complex conjugate (see Fig. 1a).
In this sense the cross section formula (10) describes two hard-
scattering processes where a quark and an antiquark with average
transverse momenta ki and k¯i annihilate into a gauge boson with
transverse momentum qi = ki + k¯i . The two annihilation processes
occur at an average transverse distance y, which equals the aver-
age transverse distance of the two quarks in one proton and of the
two antiquarks in the other. If the cross section is integrated over
q1 and q2, the speciﬁcation of “average” for the distance y can be
dropped.
It is gratifying to ﬁnd such an intuitive physical interpretation,
which we will further develop in Section 4. On the other hand, we
emphasize that (10) and its qi-integrated version can be derived
from Feynman graphs using standard hard-scattering approxima-
tions, without any need to appeal to classical or semi-classical
arguments.
One can also Fourier transform the two-parton distributions
w.r.t. the transverse momenta ki ,
Fa1,a2(xi, zi, y) =
[
2∏
i=1
∫
d2ki e
iziki
]
Fa1,a2(xi,ki, y)
= 2p+
∫
dy−
dz−1
2π
dz−2
2π
ei(x1z
−
1 +x2z−2 )p+
× 〈p|Oa2(0, z2)Oa1(y, z1)|p〉. (12)
This form is most suitable for the resummation of Sudakov loga-
rithms, as is well known for single-parton distributions [8]. Indeed,
the cross section formula
dσ |1a∏2
i=1 dxi dx¯i d2qi
= 1
S
∑
a1,a2=q,
q,δq
a¯1,a¯2=q¯,
q¯,δq¯
[
2∏
i=1
σˆi,aia¯i
(
q2i
) ∫ d2zi
(2π)2
e−iziqi
]
×
∫
d2 y Fa1,a2(xi, zi, y) Fa¯1,a¯2(x¯i, zi, y) (13)
is reminiscent of the one for single Drell–Yan production [19]. Up
to terms of order αs related to the regularization of logarithmic
divergences, the collinear distributions F (xi, y) are obtained from
F (xi, zi, y) by setting zi = 0. We note that by taking the complex
conjugate of (9) one easily ﬁnds that F (xi,ki, y) is real valued,
whereas F (xi,ki, r) and F (xi, zi, y) can have complex phases.
The graph in Fig. 1a involves a two-quark distribution Fa1,a2 in
proton p. The cross section receives further contributions where
the two partons in proton p are both antiquarks, or where one
is a quark and the other an antiquark. The deﬁnitions of quark–
antiquark distributions Fa1,a¯2 and Fa¯1,a2 and the associated cross
section formulae are close analogs of the expressions given above.
There are however further contributions, which will be discussed
in Section 5.
The preceding results can be generalized to hard-scattering pro-
cesses initiated by gluons, such as gluon–gluon fusion into a Higgs
boson via a top-quark loop. Two-gluon distributions are deﬁned as
in (9), but with an extra factor of 1/(x1p+x2p+) on the r.h.s. and
with operators that are bilinear in the gluon ﬁeld strength Gμν ,
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a G
+ j′
(
y − 1
2
z
)
G+ j
(
y + 1
2
z
)
, (14)
where a = g,
g, δg are polarization labels and
Π
j j′
g = δ j j′ , Π j j
′

g = i j j
′
,
[
Π ll
′
δg
] j j′ = 1
2
(
δ jlδ j
′l′ + δ jl′δ j′l − δ j j′δll′). (15)
The operators Og and O
g appear in the usual densities for un-
polarized and longitudinally polarized gluons. Oll′δg describes linear
gluon polarization (or equivalently gluon helicity ﬂip by two units)
and has been discussed in [20,21].
3. Power behavior
A pair of electroweak gauge bosons can be produced by two
hard scatters, but also by a single one. An example graph is shown
in Fig. 1b, and the corresponding cross section formula reads
dσ |1b∏2
i=1 dxi dx¯i d2qi
= dσˆ
dx1 dx¯1 d2q1
∫
d2kd2k¯ δ(2)(q1 + q2 − k − k¯)
× fq(x,k) fq¯(x¯, k¯) (16)
where x = x1 + x2, x¯ = x¯1 + x¯2 and σˆ is the cross section for qq¯
annihilation into two gauge bosons.
Dimensional analysis of (7) and (16) reveals that
dσ∏2
i=1 dxi dx¯i d2qi
∼ 1
Q 4Λ2
(17)
for both the single and double hard-scattering mechanisms. Here
the small scale Λ2 represents q2T or the scale of non-perturbative
interactions, whichever is larger. To obtain (17) one uses that par-
ton distributions do not depend on the hard scale Q 2 (except for
logarithms, which are discarded when counting powers), whereas
hard-scattering cross sections are independent of Λ2. We thus ob-
tain an important result: multiple hard scattering is not power
suppressed in cross sections that are suﬃciently differential in
transverse momenta.
The situation changes when one integrates over q1 and q2. In
the double-scattering mechanism both transverse boson momenta
are restricted to order Λ since they result from the transverse mo-
menta of the annihilating partons. For a single hard scattering one
has |q1 + q2| ∼ Λ, whereas the individual transverse boson mo-
menta can be as large as Q . Due to this phase space effect one
obtains
dσ |1a∏2
i=1 dxi dx¯i
∼ Λ
2
Q 4
,
dσ |1b∏2
i=1 dxi dx¯i
∼ 1
Q 2
. (18)
In the transverse-momentum integrated cross section multiple
hard scattering is thus power suppressed. This is in fact required
for the validity of the usual collinear factorization formulae, which
describe only the single-hard-scattering contribution.
The power behavior just discussed remains the same for
parton-level processes initiated by gluons instead of quarks, and
for ﬁnal states other than gauge bosons.
4. Impact parameter
The distributions F (xi, zi, y) depend on spatial transverse coor-
dinates for the quarks but still refer to a proton with deﬁnite (zero)Fig. 2. Visualization of the cross section formula (22) when q1 and q2 are integrated
over.
transverse momentum. A representation purely in impact param-
eter space can be obtained using the methods of [22–24], where
impact parameter densities for a single parton are constructed
from generalized parton distributions. To this end we ﬁrst deﬁne
non-forward distributions F (xi, zi, y;) as in (12) but between
proton states 〈p+, 12| and |p+,− 12〉 with different transverse
momenta. Introducing the wave packet
∣∣p+,b〉= ∫ d2p
(2π)2
e−ibp
∣∣p+, p〉, (19)
which describes a proton with deﬁnite transverse position b, one
can show that
2p+
∫
dy−
dz−1
2π
dz−2
2π
ei(x1z
−
1 +x2z−2 )p+
×
〈
p+,−b − 1
2
d
∣∣∣∣Oa2(0, z2)Oa1(y, z1)
∣∣∣∣p+,−b + 12d
〉
= δ(2)(d − x1z1 − x2z2) Fa1,a2(xi, zi, y;b) (20)
with
Fa1,a2(xi, zi, y;b) =
∫
d2
(2π)2
e−ibFa1,a2(xi, zi, y;). (21)
The difference d in the transverse positions of the two proton
states is a consequence of Lorentz invariance, see [24]. Integrat-
ing F (xi, zi, y;b) over b one recovers the distributions F (xi, zi, y),
so that the cross section (13) can be cast into the form
dσ |1a∏2
i=1 dxi dx¯i d2qi
= 1
S
∑
a1,a2=q,
q,δq
a¯1,a¯2=q¯,
q¯,δq¯
[
2∏
i=1
σˆi,aia¯i
(
q2i
)∫ d2zi
(2π)2
e−iziqi
]
×
∫
d2 y d2bd2b¯ Fa1,a2(xi, zi, y;b) Fa¯1,a¯2(x¯i, zi, y; b¯), (22)
which has a simple geometric interpretation in impact parameter
space. Taking the average of transverse positions in the amplitude
and its conjugate as in Section 2, one identiﬁes y as the aver-
age distance between the two scattering partons, b as the average
distance between parton 2 and the right-moving proton, and b¯ as
the average distance between parton 2 and the left-moving proton.
This is illustrated in Fig. 2 for the case where the cross section is
integrated over qi , so that zi = 0 and the positions in the ampli-
tude and its conjugate coincide.
The qi-integrated version of (22) has previously been derived
in [25]. Given the work in [15,16] and [25], we disagree with the
statement in [26] that the impact parameter picture of multiparton
interactions has until now been based on “semi-intuitive reason-
ing”.
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ﬂavor (b). The blobs indicating two-parton distributions are not shown for simplic-
ity. Labels q and q¯ indicate whether a line is represented by a quark ﬁeld or a
conjugate quark ﬁeld in the corresponding matrix element. Momenta are to be as-
signed as in Fig. 1a.
5. Interference contributions
The multiparton distributions discussed so far have an inter-
pretation as probabilities or as pseudo-probabilities in the sense of
Wigner distributions. However, there are contributions to the cross
section which involve distributions that are interference terms
rather than probabilities. Fig. 3a shows an example where the par-
ton with momentum fraction x1 is a quark in the scattering ampli-
tude and an antiquark in the conjugate scattering amplitude. Such
interference terms in the fermion number of the partons have no
equivalent in single hard-scattering processes, where they are for-
bidden by fermion number conservation. Their contribution to the
cross section has the same structure and in particular the same
power behavior as the contributions discussed in Section 2. To the
best of our knowledge such interference terms are not included in
existing phenomenology.
Let us introduce a shorthand notation
〈〈ϕ4ϕ3ϕ2ϕ1〉〉 =
[
2∏
i=1
∫
dz−i d
2zi
(2π)3
ei(xi z
−
i p
+−ziki)
]
× 2p+
∫
dy− 〈p|ϕ
(
y − 1
2
z1
)
ϕ
(
−1
2
z2
)
× ϕ
(
1
2
z2
)
ϕ
(
y + 1
2
z1
)
|p〉
∣∣∣∣
z+1 =z+2 =y+=0
(23)
for the Fourier transformed matrix element of a product of ﬁeld
operators ϕ , with indices assigned as
1 ↔ y + 1
2
z1 ↔ mom. fract. x1 in amplitude
2 ↔ 1
2
z2 ↔ mom. fract. x2 in amplitude
3 ↔ − 1
2
z2 ↔ mom. fract. x2 in conjugate ampl.
4 ↔ y − 1
2
z1 ↔ mom. fract. x1 in conjugate ampl.
The numbering corresponds to the order of the parton lines in
Figs. 1a and 3, from left to right. We then respectively have
Fa1,a2(xi,ki, y) =
〈〈
(q¯3Γa2q2)(q¯4Γa1q1)
〉〉
,
Fa1,a¯2(xi,ki, y) =
〈〈
(q¯2Γa¯2q3) (q¯4Γa1q1)
〉〉
(24)
for a two-quark and a quark–antiquark distribution, whereas
the quark–antiquark interference distribution associated with the
lower part of Fig. 3a is given by
Ia ,a¯ (xi,ki, y) =
〈〈
(q¯2Γa¯ q4) (q¯3Γa1q1)
〉〉
. (25)1 2 2So far we have not paid attention to the quark ﬂavor struc-
ture of the double-scattering process. One readily ﬁnds that there
are also interference terms in the ﬂavor quantum numbers of the
partons. An example is given in Fig. 3b, where the parton with mo-
mentum fraction x1 is a u quark in the amplitude and a d quark in
the conjugate amplitude. The corresponding distribution is given
by the matrix element 〈〈(u¯3Γa2d2) (d¯4Γa1u1)〉〉.
6. Color structure
In contrast to single-parton densities, where two parton ﬁelds
are always coupled to a color singlet, multiparton distributions
have a nontrivial color structure, which we now discuss. A color
decomposition of two-quark distributions is given by
F jj′,kk′ =
〈〈
(q¯3,k′Γa2q2,k)(q¯4, j′Γa1q1, j)
〉〉
= 1
N2
[
1F δ j j′δkk′ + 2N√
N2 − 1
8Ftaj j′t
a
kk′
]
, (26)
where j, j′,k,k′ are color indices and N is the number of col-
ors. For brevity we omit the labels a1, a2 on F in this section.
1F describes the case where the quark lines with equal momen-
tum fractions x1 or x2 are coupled to a color singlet, whereas in
8F they form color triplets. Obviously, a probability interpretation
is only possible for 1F , whereas 8F may be regarded as an interfer-
ence term in color space.
The color structure of F jj′,kk′ can alternatively be parameterized
by 1F and the matrix element
δ j′k δk′ j F j j′,kk′ =
〈〈
(q¯3, jΓa2q2,k) (q¯4,kΓa1q1, j)
〉〉
=
√
N2 − 1
N
8F + 1
N
1F , (27)
where quark lines with different longitudinal momenta are cou-
pled to color singlets. We note that (27) becomes equal to 8F in
the large-N limit, except if one has |8F |  |1F |. By a Fierz trans-
form one can express (27) in terms of matrix elements
1F˜ = 〈〈(q¯4,kΓa2q2,k)(q¯3, jΓa1q1, j)〉〉, (28)
where the bilinear quark operators have no uncontracted color or
spinor indices.
To illustrate that the color octet combination 8F need not be
small let us consider a three-quark system, as it is done in con-
stituent quark models. Since the color part of the three-quark wave
function is  jkl , the color structure of a two-quark distribution then
reads
F jj′,kk′ ∝  jkl  j′k′l = δ j j′δkk′ − δ jk′ δkj′ , (29)
where l is the color index of the spectator quark and there-
fore summed over. From this one readily obtains 8F = −√2 (1F ),
whereas the combination in (27) is found to be equal to −(1F ).
With a suitable assignment of color indices, decompositions
analogous to (26) can be written down for distributions F involv-
ing one or two antiquarks instead of quarks, and for the interfer-
ence distributions I in (25). Given the normalization of 8F chosen
in (26), color singlet and color octet distributions enter with equal
weight
( 1F 1F + 8F 8F )/N2 (30)
in the cross section if each hard scatter produces an electroweak
gauge boson or any other color-singlet system.
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We ﬁrst couple each of the gluon pairs {1,4} and {2,3} to an irre-
ducible representation and then couple the two pairs to an overall
color singlet. This gives
Faa
′,bb′ = 1
x1p+x2p+
〈〈(
Gb
′
3 Πa2G
b
2
) (
Ga
′
4 Πa1G
a
1
)〉〉
= 1
(N2 − 1)2
[
1F δaa
′
δbb
′ −
√
N2 − 1
N
AF f caa
′
f cbb
′
+ N
√
N2 − 1
N2 − 4
SF dcaa
′
dcbb
′ + · · ·
]
, (31)
where we use a shorthand notation Gb
′
ΠaGb = Π j j
′
a G
+ j′,b′G+ j,b
for the contraction of Lorentz indices. Each of the pairs {1,4} and
{2,3} is coupled to a singlet, an antisymmetric and a symmetric
octet in 1F , AF and SF , respectively. The ellipsis in (31) stands for
terms where the pairs are in higher representations, which are 10,
10 and 27 for SU (3). The corresponding tensors in color space can
be found in [27], cf. also App. A of [28]. In hard-scattering pro-
cesses that produce color singlet states, the distributions enter as( 1F 1F + AF AF + SF SF + · · ·)/(N2 − 1)2. (32)
Of course there are also mixed quark–gluon distributions. The
quark lines can only couple to a color singlet or octet, which has to
be matched by the gluon lines in order to obtain an overall singlet.
A complete decomposition is thus given by
Faa
′
j j′ =
1
x1p+
〈〈
(q¯3, j′Γa2q2, j)
(
Ga
′
4 Πa1G
a
1
)〉〉
= 1
N(N2 − 1)
[
1F δaa
′
δ j j′ − AF
√
2 i f caa
′
tcj j′
+
√
2N2
N2 − 4
SF dcaa
′
tcj j′
]
. (33)
We note that the color structure of two-parton distributions has al-
ready been discussed in [27], using a basis where the parton pairs
{1,2} and {3,4} are coupled to states of deﬁnite color.
7. Wilson lines
Our discussion so far has been concerned with tree graphs as in
Fig. 1. At this level, our results can readily be generalized to other
hard-scattering processes, in particular to jet production with the
well-known subprocesses qq → qq, qg → qg , etc.
A proper factorization formula in QCD must of course include
corrections to the tree-level cross section, and in particular take
care of additional gluon exchange. Detailed studies of factoriza-
tion in terms of transverse momentum dependent parton distribu-
tions have been performed for single Drell–Yan production and its
crossed counterparts, e+e− annihilation into back-to-back hadrons
and semi-inclusive deep inelastic scattering [8–11]. In [12] we ar-
gue that the factorization proof for Drell–Yan production can to
a large part be extended to double hard-scattering processes pro-
ducing uncolored states such as electroweak gauge bosons. We re-
strict ourselves to such processes from now on. For hard-scattering
processes like jet production, serious problems for establishing
transverse-momentum dependent factorization have been encoun-
tered even for single hard scattering [29]. A treatment of the
multiple-scattering case will probably have to wait until this sit-
uation is clariﬁed.
Starting from tree-level diagrams, there are two types of addi-
tional gluon exchange that are not power suppressed in the largeFig. 4. Example graph with a collinear gluon lc and a soft gluon ls .
scale and hence need to be taken into account systematically. The
ﬁst type concerns gluons which emerge from the subgraph repre-
senting the partons in the right-moving proton and which attach
to a hard-scattering subgraph, see Fig. 4. These gluons move fast to
the right, and to avoid power suppression their polarization must
be in the plus-direction. To leading-power accuracy, the effect of
these gluons can be represented by Wilson lines that appear in the
operators deﬁning parton distributions and make them gauge in-
variant. For gauge boson pair production, each quark or antiquark
ﬁeld in (12) is to be multiplied by a Wilson line according to
q j(z) →
[
W (z, v)
]
jkqk(z),
q¯ j(z) → q¯k(z)
[
W †(z, v)
]
kj, (34)
with
W (z, v) = Pexp
[
ig
∞∫
0
dλ v Aa(z − λv)ta
]
, (35)
where j and k are color indices, P denotes path ordering, and
the sign convention for the coupling g is such that the covari-
ant derivative reads Dμ = ∂μ + ig Aμ,ata . An analogous discussion
holds for left-moving gluons in the left-moving proton.
One naively expects the vector v to point in the minus direc-
tion for right-moving and in the plus direction for left-moving
partons. This leads however to rapidity divergences in the par-
ton distributions, due to contributions from left-moving gluons in
a right-moving hadron and vice versa. To exclude this unwanted
kinematic region and to remove the divergence, one can take v
with nonzero plus- and minus components [8,10]. This results in
an additional parameter
ζ 2 = (2pv)
2
|v2| (36)
in the parton distributions for proton p. Their ζ dependence is
connected with Sudakov logarithms and will be discussed in Sec-
tion 14. An adequate choice of ζ in cross section formulae is the
hard scale Q .
The second type of unsuppressed gluon exchange is between
the right- and left-moving partons as shown in Fig. 4, provided the
gluons are soft and thus do not take partons far off shell. In pro-
cesses with small observed transverse momenta in the ﬁnal state,
the effect of these gluons does not cancel, but it can be described
by a so-called soft factor, which is deﬁned in terms of vacuum ex-
pectation values of Wilson lines. Proper care needs to be taken to
prevent double counting, because the Wilson lines W (z, v) in the
parton distributions include soft gluon momenta as well [9–11].
We now turn to collinear multiparton distributions. It is well
known that for single-parton distributions the rapidity divergences
just mentioned cancel between real and virtual graphs [30], so that
in this case the direction v can be taken exactly lightlike. The same
argument holds for two-parton distributions in the color singlet
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aration zi of quark and antiquark ﬁelds is zero in the collinear
distribution F (xi, y). For color singlet distributions 1F , the Wilson
lines whose color indices are contracted therefore combine to a
Wilson line of ﬁnite length, going from y− 12 z1 to y+ 12 z1 or from
− 12 z2 to 12 z2 along the light cone.
The same is, however, not true for color octet distributions 8F .
Rapidity divergences from real and virtual graphs do not cancel in
that case, because compared to 1F some graphs change their color
factors whereas others do not. One must hence keep v away from
the light cone even in collinear octet distributions. Furthermore,
the color indices of Wilson lines with equal transverse positions
do not match, so that these Wilson lines cannot be combined to
a line of ﬁnite length. As a consequence, terms with color octet
distributions in collinear factorization formulae will have a very
different structure from the usual one.
It should be possible to extend the previous discussion to gluon
distributions. For the Wilson lines in single-gluon densities a de-
tailed analysis can be found in [31], whereas to our knowledge the
soft-gluon sector has not been elaborated.
8. Parton spin correlations
The cross section formulae in Section 2 have a nontrivial de-
pendence on parton spin, even though they are for unpolarized
colliding protons. Fq,q and its counterparts for antiquarks describe
unpolarized partons, whereas all other distributions F
q,
q , Fq,
q ,
etc., describe correlations between the polarization of the two par-
tons, or between their polarization and the transverse vectors y
and ki . Such spin correlations have been pointed out in [27], but to
our knowledge they have not been implemented in phenomenol-
ogy. We ﬁnd that 16 scalar or pseudoscalar functions are required
to parameterize the spin structure of Fa1,a2 (xi,ki, y) for a given
quark ﬂavor combination. Eight scalar functions remain when one
integrates over k1 and k2 to obtain Fa1,a2 (xi, y).
To see that parton spin correlations in the proton need not
be small, let us consider a SU (6) symmetric three-quark wave
function. As is well known, this gives 
u/u = 2/3 and 
d/d =
−1/3 for the average longitudinal polarization of u and d quarks,
which reproduces the trend observed in polarized quark densi-
ties at x around 0.3. Similarly, one obtains F
u,
u/Fu,u = 1/3 and
F
u,
d/Fu,d = −2/3 and thus a considerable correlation between
the longitudinal polarization of two quarks.
Parton momentum fractions in processes at LHC are typically
well below 0.3, say of order 10−2 or smaller. In that region po-
larized single-parton distributions (to the extent that they are
known) are small compared with their unpolarized counterparts.
This means that there is little correlation between the respective
polarizations of a parton and the proton when they are far apart
in phase space. From this we should however not conclude that
distributions like F
q,
q are unimportant at small but compara-
ble x1 ∼ x2, since they describe a correlation between two partons
that are relatively close in phase space.
Parton spin correlations have important consequences in mul-
tiple interaction processes. Let us again consider gauge boson pair
production. For longitudinal polarization of both the quark and the
antiquark that annihilate into a boson, each spin projector Γ
q
and Γ
q¯ in the hard-scattering cross section (8) contains a γ5.
After anticommuting one γ5 through the fermion trace, one ob-
tains a factor γ 25 = 1, so that the cross section depends on the
combination Fq,q Fq¯,q¯ + F
q,
q F
q¯,
q¯ of two-parton distributions.
Longitudinal spin correlations between quarks and antiquarks thus
directly affect the rate of gauge boson pair production by multiple
scattering.The distribution F jj
′
δq,δq gives rise to even more striking effects.
Its decomposition into scalar functions contains a term with δ j j
′
,
which describes a correlation proportional to the product s1s2 of
the two transverse quark polarization vectors. Recall that the quark
ﬁeld bilinears q¯iσ+ jγ5q deﬁning the distribution F jj
′
δq,δq are chiral
odd, which corresponds to quarks with opposite helicities in the
amplitude and its conjugate. As a result, transverse quark polariza-
tion does not contribute to the production of W bosons. There is
however a term with F jj
′
δq,δq F
kk′
δq¯,δq¯ in the cross section for produc-
ing two neutral gauge bosons, γ ∗γ ∗ , γ ∗ Z or Z Z . This term gives
in particular rise to an angular correlation proportional to cos2ϕ ,
where ϕ is the azimuthal angle between the momenta of the neg-
atively charged leptons or the quarks from the boson decays. We
thus obtain the important result that correlations between trans-
verse quark and antiquark polarizations give rise to a correlation
between the decay planes of the two produced bosons. Moreover,
this type of correlation does not arise if the two bosons are pro-
duced by a single hard scattering such as in Fig. 1b, where for
qT  Q one obtains an angular modulation with cosϕ but none
with cos2ϕ .
It is natural to expect that spin correlations between partons in
the proton also result in correlations between the scattering planes
in other double-scattering processes, such as the production of two
dijets. We note that in [32] the absence of such correlations was
explicitly assumed, which in view of our discussion may not be ad-
equate. It would also be interesting to study whether polarization
induced angular correlations can contribute to the so-called “ridge
effect” observed in pp collisions by CMS [33].
9. Mellin moments
If one takes Mellin moments
∫
dx1 x
n1
1
∫
dx2 x
n2
2 (
1F ) of color sin-
glet distributions, the light-cone operators Oa(y, z) in (5) turn into
local twist-two operators that are well known from the operator
product expansion. (As follows from the discussion in Section 7,
the corresponding operators for color octet distributions still con-
tain Wilson lines and will not be discussed here.)
Let us consider two unpolarized quarks and take the lowest
Mellin moment in both x1 and x2,
Mq,q
(
y2
)=
1∫
0
dx1
1∫
0
dx2
[ 1Fq,q(x1, x2, y) − 1F q¯,q(x1, x2, y)
− 1Fq,q¯(x1, x2, y) + 1F q¯,q¯(x1, x2, y)
]
= 2
p+
∫
dy−〈p|Oq(0,0)Oq(y,0)|p〉. (37)
We introduce the local operator Oμ(y) = q¯(y)γ μq(y) and decom-
pose
〈p|Oν(0)Oμ(y)|p〉 = 2pμpν〈OO〉(py, y2)+ · · · , (38)
where the ellipsis represents terms with uncontracted vectors yμ ,
yν or the metric tensor gμν . The reduced matrix element 〈OO〉
can only depend on the invariants py and y2. We now choose
a frame where p = 0 and y+ = 0, so that py = p+ y− and y2 =
−y2. Using Oq(y,0) = 12O+(y) |y+=0 we can then write (37) in a
manifestly covariant form
Mq,q
(
y2
)= ∫ d(py) 〈OO〉(py, y2)∣∣∣∣
y2=−y2
. (39)
It is straightforward to generalize this procedure to higher Mellin
moments and to the other quark polarizations 
q and δq. In each
case one can express the Mellin moment in terms of the matrix
element of a product of two local twist-two operators.
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Euclidean spacetime if one takes y0 = 0. This is rather similar to
recent lattice studies of transverse-momentum dependent single-
quark distributions [34,35]. The restriction to y0 = 0 entails
(py)2/
(−y2)= (py)2/y2  p2, (40)
where p and y denote the spacelike three-vectors. Results from
a discrete Euclidean lattice are hence not suﬃcient for evaluating
the integral over all py at ﬁxed y2 in (39). This is completely anal-
ogous to the situation discussed in [35]. Despite this limitation of
principle, we hope that lattice data in a certain range of py and y2
will one day provide genuinely nonperturbative information about
the behavior of multiparton distributions.
10. Connection with generalized parton distributions
To develop a viable phenomenology of multiple interactions,
one needs a simple ansatz for multiparton distributions that can
be progressively reﬁned. For the distributions which admit a prob-
ability interpretation, a natural starting point is to replace them by
the product of single-parton densities.
To formalize and extend this ansatz, we insert a complete set of
intermediate states |X〉〈X | between the operators Oa2 and Oa1 in
the deﬁnition (20) of two-parton distributions in impact parameter
space. This gives a product of single-parton operators sandwiched
between a proton state and X . If we assume that the ground
state dominates in the sum over all X and take the intermedi-
ate proton states in the impact parameter representation (19), then
F (xi, zi, y;b) involves a product of single-proton matrix elements〈
p+,−b − 1
2
d
∣∣∣∣Oa2(0, z2)
∣∣∣∣p′+,b′
〉
×
〈
p′+,b′
∣∣∣∣Oa1(y, z1)
∣∣∣∣p+,−b + 12d
〉
=
〈
p+,−b − 1
2
d
∣∣∣∣Oa2(0, z2)
∣∣∣∣p′+,b′
〉
eiy
−(p′−p)+
×
〈
p′+,b′ − y
∣∣∣∣Oa1(0, z1)
∣∣∣∣p+,−b − y + 12d
〉
. (41)
Integrating the phase factor eiy
−(p′−p)+ over y− sets p′+ = p+ in
(20), and we obtain a representation
1Fa1,a2(xi, zi, y;b) ≈ fa2
(
x2, z2;b + 1
2
x1z1
)
× fa1
(
x1, z1;b + y − 1
2
x2z2
)
(42)
in terms of single-quark distributions
fa(x, z;b) =
∫
d2
(2π)2
e−ib
∫
dz−
2π
eixz
−p+
×
〈
p+, 1
2

∣∣∣∣Oa(0, z)
∣∣∣∣p+,−12
〉
(43)
in impact parameter space. These distributions satisfy∫
dz−
2π
eixz
−p+
〈
p+,−b − 1
2
d
∣∣∣∣Oa(0, z)
∣∣∣∣p+,−b + 12d
〉
= δ(2)(d − xz) fa(x, z;b) (44)
in analogy to (20). For z = 0 they are the impact parameter de-
pendent parton densities fa(x;b) discussed in [22,23] and give the
probability to ﬁnd a parton with momentum fraction x and dis-
tance b from the proton center.At zi = 0 the relation (42) involves only collinear distributions.
Integrating over b we get
1Fa1,a2(xi, y) ≈
∫
d2b fa2(x2;b) fa1(x1;b + y), (45)
which has a straightforward physical interpretation as sketched in
Fig. 5. In different guises, this relation is at the basis of most phe-
nomenological studies and has long been used in the literature, see
e.g. [36–38] and [39,40]. As was noticed in [26], the convolution in
(45) simpliﬁes to a product if one Fourier transforms to transverse
momentum space, where one has
1Fa1,a2(xi, r) ≈ fa2(x2;−r) fa1(x1; r) (46)
with fa(x;) =
∫
d2b eib fa(x;b).
In the previous argument we have neglected the spin of the
proton. When inserting intermediate proton states between Oa2
and Oa1 in a two-parton distribution for an unpolarized proton,
we schematically have
1
2
∑
λ
〈p, λ|Oa2Oa1 |p, λ〉
≈
∫
dp′+ d2p′
(2π)3 2p′+
1
2
∑
λ,λ′
〈
p, λ
∣∣Oa2 ∣∣p′, λ′〉〈p′, λ′∣∣Oa1 ∣∣p, λ〉 (47)
with proton helicities λ and λ′ . The sum on the r.h.s. includes ma-
trix elements where the proton helicity differs in the bra and the
ket state. As an example let us consider the collinear distribution
for two unpolarized quarks. We then ﬁnd
1Fq,q(xi, r) ≈ Hq
(
x2,0,−r2
)
Hq
(
x1,0,−r2
)
+ r
2
4m2p
Eq
(
x2,0,−r2
)
Eq
(
x1,0,−r2
)
, (48)
where the ﬁrst term corresponds to λ = λ′ and the second one
to λ = −λ′ in (47). The generalized parton distributions (GPDs)
Hq(x, ξ, t) and Eq(x, ξ, t) can be studied in hard exclusive pro-
cesses such as deeply virtual Compton scattering or vector meson
production. For their deﬁnitions and further information we refer
to [41,42].
We emphasize that the relations (42), (45) and (46) are ob-
tained by restricting a sum over all intermediate states to a single
proton in a selected helicity state. We do not have a justiﬁcation or
a strong physical motivation for this restriction, other than stating
a posteriori that it is tantamount to neglecting any correlation be-
tween two partons in the proton. It seems plausible to assume that
this is a reasonable ﬁrst approximation, at least in a certain region
of variables, but one should not expect such an approximation to
be very precise. The result (48) already goes beyond the complete
neglect of correlations, and the relative size of the term depending
on eq may be taken as an indicator for the level of precision of the
simplest factorized ansatz. Possible deviations from (45) and their
consequences for multiple scattering cross sections have e.g. been
discussed in [40,43,44].
So far we have discussed the distributions 1Fa1,a2 , which can
be interpreted as probabilities or pseudo-probabilities. The formal
derivation we have sketched can however be extended to distribu-
tions that have interference character. Repeating the above steps
for the distributions appearing in Fig. 3b, one obtains matrix ele-
ments of operators d¯Γ u or u¯Γ d that transfer isospin. For a proton
target, the ground state among the intermediate states inserted
between the two operators is then a neutron. Isospin symmetry
relates the resulting matrix elements as 〈n|d¯Γ u|p〉 = 〈p|u¯Γ d|n〉 =
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tions as squares of light-cone wave functions in the proton.〈p|u¯Γ u|p〉 − 〈p|d¯Γ d|p〉. Similar relations for strange quarks as-
sume ﬂavor SU (3) symmetry and can be found in [41,42].
Inserting physical intermediate states is useful between the
color singlet operators appearing in 1F but not between the color
octet operators q¯Γ taq in 8F . One can however repeat the pre-
ceding construction for the distributions 1F˜ deﬁned in (28). In
that case the two partons represented by a color singlet opera-
tor carry different plus-momentum fractions x1 and x2. This im-
plies p′+ = p+ in the resulting product of proton matrix elements,
which are therefore associated with GPDs at nonzero skewness
ξ = ± (p − p′)+/(p + p′)+ . Likewise, the rearrangement of ﬁelds
to color singlet operators in the interference distribution (25) leads
to GPDs with nonzero ξ . We note that in the exclusive processes
where GPDs can be measured, one always has ξ = 0 because the
scattered proton must have a smaller momentum than the proton
target.
GPDs give rather direct information about the distribution of
partons in impact parameter b, which is Fourier conjugate to a
measurable transverse momentum  in physical processes. By
contrast, the interparton distance y in multiple interactions is in-
tegrated over in the cross section formula (10) and not directly re-
lated to any measurable kinematic distribution. Although the con-
nection between GPDs and multiparton distributions is not exact,
it provides an opportunity to obtain some quantitative information
about impact parameter dependence from an independent source.
An important example is the correlation between impact param-
eter and longitudinal momentum of partons, for which there are
clear indications in GPDs (see Section 4.4.5 of [45] and references
therein) and which has recently been studied for multiparton in-
teractions in [46].
11. Ladder graphs
The factorization formulae in Section 2 are for kinematics
where the transverse boson momenta are much smaller than the
large scale Q . This includes but is not limited to the region where
qT is comparable to a hadronic scale Λ. In this and the following
section we consider the region of intermediate transverse mo-
menta Λ  qT  Q . If q1 and q2 are large compared with Λ
then at least some of the transverse momenta in the two-parton
distributions must be large as well. This opens the way for a
perturbative description where the transverse-momentum depen-
dent distributions factorize into collinear distributions and a hard
parton-level scattering. This increases the predictive power of the
theory, given that collinear two-parton distributions depend on
fewer variables and are less numerous. Note that the scale qT of
the hard scattering in the two-parton distributions is still much
smaller than the scale Q of the multiple hard scattering in the
proton-proton collision.
The type of graphs that describe the hard scattering in F (xi,
ki, r) depends on the relative size of the transverse-momentum ar-
guments. For instance, the single-ladder graph in Fig. 6 gives large
k1, whereas a double-ladder graph with an additional gluon ex-
changed between the quarks with momentum fraction x2 leads
to large k1 and k2. In both cases no hard parton is exchangedFig. 6. Ladder graph for a two-parton distribution at large k1 and small k2 and r.
between the lines with momentum fraction x1 and those with mo-
mentum fraction x2, so that r is of order Λ. This corresponds to
an interparton distance y of hadronic size.
The computation of the graph in Fig. 6 proceeds exactly as for
single-quark distributions at large transverse momentum and can
e.g. be found in [11,47,48]. One obtains∫
d2k2 F
J (x1, x2,k1,k2, y)
∣∣∣∣
Fig. 6
= 1
π k21
∑
J ′
1−x2∫
x1
du1
u1
P J J
′
(
x1
u1
)
F J
′
(u1, x2, y), (49)
where P has a logarithmic dependence on k21 which we have not
displayed for brevity. We have integrated the distribution over k2
since this turns out to be the quantity that appears in the cross
section at large q1 and q2. The indices J and J
′ indicate that one
has a matrix structure if transitions between gluon and quark dis-
tributions are permitted by the quantum numbers. Quark–gluon
transitions occur for the combinations
1F J =
(∑
q[1Fq,a + 1F q¯,a]
1F g,a
)
,
SF J =
(∑
q[8Fq,a + 8F q¯,a]
SF g,a
)
,
AF J =
(∑
q[8Fq,a − 8F q¯,a]
AF g,a
)
, (50)
where the second parton index a can indicate an unpolarized or
polarized quark or antiquark. If a indicates a gluon, one should
replace 8Fq,a + 8F q¯,a by SF q,a + SF q¯,a and 8Fq,a − 8F q¯,a by AF q,a −
AF q¯,a . Taking into account the color factors in the deﬁnitions (26),
(31) and (33), we ﬁnd splitting matrices
1P J J
′ =
(
CF Pqq nF Pqg
CF P gq N P gg
)
,
SP J J
′ =
⎛
⎝ − 12N Pqq
√
N2−4
2(N2−1) nF Pqg√
N2−1
8
√
N2−4
N2
P gq
N
2 P gg
⎞
⎠ ,
AP J J
′ =
⎛
⎝ − 12N Pqq
√
N2
2(N2−1) nF Pqg√
N2−1 P N P
⎞
⎠ (51)8 gq 2 gg
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Pqg(z), etc., are deﬁned without color factors and differ from the
usual DGLAP splitting functions at most by terms proportional to
δ(1 − z). The color factors in (51) agree with those in [49] if one
restores a missing factor
√
2/N in the expression of P8 f , Eq. (54b)
of that paper. This factor is also required for the normalization of
P8 f as a projector in Eq. (53) of [49].
We see that color factors are always smaller in the octet chan-
nels than in the singlet channel, with the biggest suppression
occurring for Pqq . In the large-N limit the singlet matrix 1P has
eigenvalues NP gg and N2 Pqq , whereas for both
S P and A P one of
the eigenvalues is N2 P gg and the other is of order 1. This suggests
a relative suppression of color octet distributions at large trans-
verse momentum, but quantitative estimates are needed to assess
how important this suppression is.
Quark–gluon transitions do not occur for the combinations∑
q[1Fq,a − 1F q¯,q], for the difference of distributions for two quark
ﬂavors, and for matrix elements where the quark ﬂavors differ on
the two sides of the ﬁnal-state cut as in Fig. 3b. In these cases
the indices J and J ′ in (49) take only one value, with the splitting
function P being CF Pqq for color singlet and − 12N Pqq for color
octet combinations. Furthermore, there is no transition between
gluons and the interference distributions in Fig. 3a. From the expe-
rience with single-parton distributions one can expect that at low
x1 and high k1 those combinations of quark and antiquark distri-
butions will dominate that receive a contribution from gluons on
the r.h.s. of (49).
The splitting matrices for longitudinally polarized quarks and
gluons contain different splitting functions 
Pqq , 
Pqg , etc., but
have the same color structure as (51). No transitions occur be-
tween δq, δq¯ and δg , since the former describe parton helicity ﬂip
by one unit and latter by two units. A relation similar to (49) can
be derived for double-ladder graphs and involves the same split-
ting matrices as above.
We ﬁnally note that for qT  Λ the contributions from ladder
graphs lead to a power behavior
s2 dσ∏2
i=1 dxi dx¯i d2qi
∣∣∣∣
ladders
∼ Λ
2
q4T
(52)
of the double-scattering cross section scaled with s2.
12. Parton splitting
We now consider the case where |r| ∼ |ki | is large, which corre-
sponds to perturbatively small distances |y|. Power counting analy-
sis shows that the dominant contributions to the double-scattering
cross section are from graphs where two partons in the t channel
split into four partons. A lowest-order example for Fa1,a¯2 is shown
in Fig. 7. At next order in αs graphs appear where the hard scat-
tering if fully connected, e.g. with an additional gluon exchanged
between the left- and right-hand sides of Fig. 7. The power behav-
ior of the scaled cross section is found to be
s2 dσ∏2
i=1 dxi dx¯i d2qi
∣∣∣∣
splitting
∼ 1
q2T
(53)
if in at least one of the colliding protons the two-parton distribu-
tion has a fully connected hard scattering. If in both distributions
the hard-scattering subprocess is disconnected as in Fig. 8, the
scaled cross section behaves like 1/Λ2 instead, but the ﬁnal-state
phase space is then restricted to |q1 + q2| ∼ Λ.
We see that the contribution (52) from ladder graphs at large y
is suppressed by Λ2/q2T compared with the splitting contribution
(53) at small y. This suppression may however be compensated
by a stronger increase of (52) when x1 and x2 become small. ItFig. 7. Lowest-order graph for a quark–antiquark distribution at large |r| ∼ |ki |. The
two partons with momentum fractions x1 and x2 originate from the splitting of a
single gluon.
Fig. 8. Graph for the cross section where both two-parton distributions Fa1,a¯2 and
Fa¯1,a2 (indicated by boxes) involve the splitting of one into two partons.
is known that in appropriate quantum number channels the itera-
tion of ladder graphs leads to a growth of parton densities at small
momentum fractions. The two-parton distribution at the bottom of
Fig. 6 contains one ladder between the lines with momentum frac-
tion x1 and another between the lines with momentum fraction
x2, whereas at the bottom of Fig. 7 there is a single-parton density
containing only one ladder. To establish whether the Λ2/q2T sup-
pression or the small-x enhancement of the ladder-graph contri-
butions is more important in given kinematics requires a detailed
study.
The calculation of the graph in Fig. 7 reveals a number of
important issues. We give here only the contribution from the
transverse-momentum dependent unpolarized gluon distribution
f g(x,k) and omit terms depending on the gluon Boer–Mulders
function [50], which describes the correlation between the trans-
verse momentum and the linear polarization of a gluon. In the
color singlet channel we ﬁnd
1Fa1,a¯2(xi,ki, r)
∣∣
Fig. 7 =
αs
4π2
f g(x1 + x2,k1 + k2)
x1 + x2
× T ll′a1,a¯2
(
x1
x1 + x2
)
(k + 12 r)l(k − 12 r)l
′
(k + 12 r)2(k − 12 r)2
(54)
with k = 12 (k1 − k2). For the color octet distributions 8Fa1,a¯2 we
obtain the same expression multiplied by a suppression factor
−1/√N2 − 1. We have
T ll
′
q,q¯(u) = −T ll
′

q,
q¯(u) = δll
′[
u2 + (1− u)2],
T ll
′

q,q¯(u) = −T ll
′
q,
q¯(u) = ill
′[
u2 − (1− u)2],
T jj
′,ll′
δq,δq¯(u) = −δ j j
′
δll
′
2u(1− u), (55)
whereas Ta1,a¯2 = 0 for the other polarization combinations. We see
that several nontrivial and large spin correlations are generated by
perturbative splitting. To which extent these correlations persist
at nonperturbative values of y is an interesting question from the
point of view of hadron structure.
M. Diehl, A. Schäfer / Physics Letters B 698 (2011) 389–402 399With the analog of (7) for the product Fa1,a¯2 Fa¯1,a2 one ﬁnds
that the contribution of Fig. 8 to the cross section for two-boson
production is proportional to
∫
d2k+
kl+(k+ − q)m
k2+(k+ − q)2
∫
d2k−
kl
′
−(k− − q)m′
k2−(k− − q)2
(56)
with q = 12 (q1 − q2) and k± = k ± 12 r. Each integral is infrared
ﬁnite but has a logarithmic divergence at large k± . To assess the
meaning of these divergences, we ﬁrst recall that the derivation
of the cross section formula (7) and its analogs for other channels
assumes transverse parton momenta |ki ± 12 r|  Q . As it turns out,
the integrand in (56) does not decrease fast enough to suppress
the region of large k± , where the approximations leading to (7)
are invalid. On the other hand, we note that Fig. 8 can also be
read as a graph for producing two gauge bosons V1 and V2 in
a single hard-scattering process. For the parton level amplitude it
represents a box graph, which indeed diverges logarithmically in
the ultraviolet. The full amplitude for gg → V1V2 is however ﬁnite,
because the divergences of all contributing box graphs cancel each
other. This was noted in [51] and has long been known for the
related process γ γ → γ γ with on-shell photons [52]. A detailed
analysis of the infrared behavior of gg → V1V2 is given in [51],
and explicit expressions for the gg → Z Z amplitude can be found
in [53].
Since the deﬁnition of two-parton distributions we have used
so far includes the splitting contribution (54), this deﬁnition is not
appropriate for the cross section formula (7), and one or both of
them needs to be modiﬁed. It remains a task for future work to
devise a consistent formulation that is also suitable for practical
computations. Such a formulation must obviously avoid the diver-
gent integrals in (56). In addition it must address the problem of
double counting in Fig. 8 when the contributions from single and
double hard scattering are added in the cross section. The analo-
gous double counting problem for multijet production was pointed
out in [54].
13. Collinear distributions
We have encountered collinear two-parton distributions in two
different contexts, ﬁrstly in the cross section for multiple scatter-
ing when ﬁnal-state momenta are integrated over, and secondly in
the calculation of two-parton distributions at high transverse mo-
mentum. In this section we discuss the scale evolution of collinear
distributions at leading order in αs . We focus on the color singlet
sector, which is most similar to the case of single-parton densities.
(As noted at the end of Section 7, collinear color octet distributions
involve further complications related with rapidity divergences.)
Integrating F (xi,ki, r) over the transverse momenta ki gives
logarithmic divergences, which is evident from the factor 1/k21 in
(49). The deﬁnition of collinear distributions requires subtraction
of these divergences, in full analogy to the case of single-parton
distributions. We now discuss the contribution of the splitting
graph in Fig. 7 and consider unpolarized quarks for deﬁniteness.
The expression (54) behaves like 1/k2 for large k and thus gives
a logarithmically divergent integral. This divergence needs to be
subtracted as well. Notice that the four quark lines in Fig. 7 are
far off-shell if one of the transverse momenta r and k is large.
This implies that (54) describes not only the large r behavior of
Fa1,a¯2 (xi,ki, r) but also its behavior for large k at small r.
Calculating the graphs in Figs. 6 and 7 in 4 − 2 dimensions,
performing MS subtraction of the ultraviolet divergent terms, and
adding the contributions from self-energy graphs, one obtains the
evolution equationd
d logμ2
1Fq,q¯(x1, x2, r)
=
∑
b1=q,g
1−x2∫
x1
du1
u1
Pq,b1
(
x1
u1
)
1Fb1,q¯(u1, x2, r)
+
∑
b2=q¯,g
1−x1∫
x2
du2
u2
Pq¯,b2
(
x2
u2
)
1Fq,b2(x1,u2, r)
+ 1
x1 + x2 Pq,g
(
x1
x1 + x2
)
f g(x1 + x2), (57)
which is valid for any value of r. Here Pb1,b2 denotes the usual
DGLAP splitting functions (including color factors). Remarkably, the
y dependent distributions F (xi, y) evolve differently. Working in
4− 2 dimensions, one ﬁnds that for nonzero y∫
d2−2r d2−2k
(2π)2−2
e−ir y
(k + 12 r)(k − 12 r)
(k + 12 r)2(k − 12 r)2
(58)
has the ﬁnite value 1/y2 at  = 0 and hence requires no ultraviolet
subtraction. One thus obtains a homogeneous evolution equation
d
d logμ2
1Fq,q¯(x1, x2, y)
=
∑
b1=q,g
1−x2∫
x1
du1
u1
Pq,b1
(
x1
u1
)
1Fb1,q¯(u1, x2, y)
+
∑
b2=q¯,g
1−x1∫
x2
du2
u2
Pq¯,b2
(
x2
u2
)
1Fq,b2(x1,u2, y). (59)
This result is very natural if one considers that Fa1,a¯2 (xi, y) is de-
ﬁned in terms of the product[
q¯
(
1
2
z2
)
γ +q
(
−1
2
z2
)][
q¯
(
y − 1
2
z1
)
γ +q
(
y + 1
2
z1
)]
(60)
of two operators with light-like ﬁeld separations z21 = z22 = 0,
where we have omitted the Wilson lines between the ﬁelds for
brevity. Each of the two operators needs to be renormalized in the
same way as in a single-parton density, but as long as the opera-
tors are taken at a ﬁnite spacelike distance y2 = −y2 no further
short-distance singularities appear.
It has long been known that
Fq,q¯(xi) = Fq,q¯(xi, r = 0) =
∫
reg
d2 y Fq,q¯(xi, y) (61)
evolves as in (57), see [55–57] and the recent studies [58,59]. In
position space representation, the inhomogeneous term now ap-
pears because the behavior
Fq,q¯(xi, y) ∼ 1/y2 (62)
at small y induces a logarithmic divergence in the integral over y,
which needs to be regularized as indicated by the subscript “reg”
in (61). We note that F (xi) does not directly appear in double-
scattering cross sections but is often used as an intermediate quan-
tity for modeling the distributions F (xi, y).
We have already seen in (56) that the contribution of splitting
graphs to the multiparton distributions leads to logarithmic diver-
gences in the differential cross section. An even worse divergence
appears in the cross section integrated over q1 and q2, which ac-
cording to (7) and (10) involves an integral
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d2 y F (xi, y)F (x¯i, y) =
∫
d2r
(2π)2
F (xi, r)F (x¯i,−r). (63)
This is linearly divergent in y2 according to (62). It also diverges
linearly in r2, because for large r one has F (xi, r) ∼ log(r2/μ2).
The extra ultraviolet subtraction included in the deﬁnition of
F (xi, r) is insuﬃcient to regulate this divergence in the cross sec-
tion. In the recent paper [60] a ﬁnite result is obtained by imposing
a cutoff r2 < min(q21,q
2
2) in (63).
In this context we wish to comment on an ansatz often made
in phenomenological studies, where the y dependent two-parton
distributions are written as
F (xi, y;μ) = f (y) F (xi;μ) (64)
with a smooth function f (y) satisfying the normalization condi-
tion
∫
d2 y f (y) = 1. A typical choice for f (y) is for instance a
Gaussian. This type of ansatz is obviously inconsistent if F (xi, y;μ)
is deﬁned from the product (60) of twist-two operators, since the
μ dependence of the l.h.s. is then given by the homogeneous
evolution Eq. (59) whereas the μ dependence of the r.h.s. is gov-
erned by an inhomogeneous evolution equation as in (57). If one
instead deﬁnes the y dependent distribution as the Fourier trans-
form of F (xi, r), then the ansatz (64) is consistent regarding evo-
lution since F (xi, r) evolves according to (57). However, we do not
think that is a satisfactory deﬁnition, since it does not cure the
divergence of the integral (63) in double-scattering cross sections.
An ansatz like (64) with a smooth function f (y) does not have
this problem and may be regarded as modeling a y distribution
in which the perturbative splitting contribution giving rise to the
1/y2 singularity has been removed. Since the ansatz is ad hoc, one
cannot say what the correct evolution equation to be used on both
sides of (64) actually is. Our discussion suggests that the homo-
geneous form (59) may be more appropriate, at least for values
y of typical hadronic size, which are of course most important
when the ansatz is used in the factorization formula. A theoreti-
cally sound solution remains a task for future work.
14. Sudakov logarithms
As is well known, transverse momenta qi which are much
smaller than the hard scale Q of a process give rise to Sudakov
logarithms in the cross section. These logarithms must be re-
summed to all orders in perturbation theory, which for single
gauge boson production can be done using the Collins–Soper–
Sterman formalism [19]. We extend this formalism to gauge boson
pair production in [12] and sketch the main results of our analysis
in the following.
The dependence of a two-quark distribution on the rapidity pa-
rameter ζ deﬁned in (36) is governed by the differential equation
d
d log ζ
( 1F
8F
)
= [G(x1ζ,μ) + G(x2ζ,μ) + K (z1,μ)
+ K (z2,μ)
]( 1F
8F
)
+M(z1, z2, y)
( 1F
8F
)
, (65)
where 1F and 8F depend on xi , zi , y and ζ . They also depend on a
renormalization scale μ, but we need not discuss this dependence
here. The kernels G and K in (65) already appear in the Collins–
Soper equation [8] for single-quark distributions,
df (x, z; ζ )
d log ζ
= [G(xζ,μ) + K (z,μ)] f (x, z; ζ ). (66)
The matrix M mixes color singlet and color octet distributions and
is μ independent, whereas the μ dependence of G and K is given
by a renormalization group equationγK
(
αs(μ)
)= −dK (z,μ)
d logμ
= dG(xζ,μ)
d logμ
(67)
and thus cancels in G + K . Both K and M are due to soft gluon
exchange and can be deﬁned as vacuum matrix elements of Wil-
son line operators, similar to those discussed in Section 7. They
can only be calculated perturbatively if the transverse distances on
which they depend are suﬃciently small.
The general solution of (65) can be written as( 1F (xi, zi, y; ζ )
8F (xi, zi, y; ζ )
)
= e−S(x1ζ,z1,z2)−S(x2ζ,z1,z2)
× eLM(z1,z2,y)
( 1Fμ0(xi, zi, y)
8Fμ0(xi, zi, y)
)
(68)
with
S(xζ, z1, z2) = − K (z1,μ0) + K (z2,μ0)
2
log
xζ
μ0
+
xζ∫
μ0
dμ
μ
[
γK
(
αs(μ)
)
log
xζ
μ
− G(μ,μ)
]
(69)
and
L = log
√
x1x2 ζ
μ0
. (70)
The scale μ0 speciﬁes the initial condition of the differential
Eq. (65), with a natural choice being μ0 ∝ 1/√|z1||z2|.
The leading double logarithms of ζ/μ0 in (68) come from the
second line in (69), whereas terms involving K and M only contain
single logarithms. The Sudakov exponent S also appears in the so-
lution of (66) for single-quark distributions [8],
f (x, z; ζ ) = e−S(xζ,z,z) f μ0(x, z). (71)
We thus obtain the important result that to double logarithmic
accuracy the Sudakov factor for a multiparton distribution is the
product of the Sudakov factors for single parton densities, both
for color singlet and color octet distributions. A non-trivial cross
talk between all partons, and in particular a mixing between color
singlet and octet distributions occurs however at the level of single
logarithms, which are known to be important for phenomenology.
When the parton distributions F (xi, zi, y; ζ ) are inserted into the
cross section formula (13), the typical size of |zi | is 1/|qi | and ζ
should be taken of order Q , so that logarithms of ζ/μ0 turn into
logarithms of Q /qT .
If all distances zi and y are small, one can calculate K and M
in perturbation theory. We give explicit results in [12] and only
mention some of their features here. The off-diagonal elements in
the matrix eLM turn out to be color suppressed, but only by 1/N .
In the limit where |zi |  |y| we ﬁnd that the off-diagonal elements
are additionally suppressed by |z1||z2|/y2 and that the diagonal
element for the color octet is smaller than the one for the color
singlet. This results is a suppression of octet distributions by
8F (xi, zi, y; ζ )
1F (xi, zi, y; ζ ) ∼
( |z1||z2|
y2
)λ
(72)
with a power
λ = min
(
1,N
αs
π
log
√
x1x2ζ
μ0
)
. (73)
In the cross section one has |zi | ∼ 1/|qi |, so that for large qT
the factor (72) disfavors color octet distributions in a wide range
M. Diehl, A. Schäfer / Physics Letters B 698 (2011) 389–402 401of y. To study quantitatively the importance of color-octet sup-
pression, one needs to extend the perturbative result (72) to the
region of non-perturbative distances y. This has not been achieved
yet.
15. Conclusions
We have studied several aspects of multiparton interactions
in hadron–hadron collisions. Our theoretical framework is hard-
scattering factorization, which requires a large virtuality or mo-
mentum transfer in each partonic scattering process but is valid
in the full range of parton momentum fractions. A complementary
approach, based on the high-energy limit and using BFKL methods
is discussed in [61–63].
The basic cross section formula for multiple interactions can be
derived at tree level using standard hard-scattering approximations
and has an intuitive geometrical interpretation in impact parame-
ter space. We have shown that it can be formulated at the level of
transverse-momentum dependent multiparton distributions, which
permits a description of the transverse momenta of the particles
produced in the hard scattering. This is particularly important be-
cause it is in transverse-momentum dependent cross sections that
multiparton interactions are not power suppressed compared with
single hard scattering.
The derivation of the tree-level formula for double hard scat-
tering exhibits nontrivial contributions from correlation and in-
terference effects. They have partly been discussed earlier in the
literature [27] but are not included in current phenomenological
models. The polarizations of two partons can be correlated even in
an unpolarized proton, and we have shown that such correlations
can signiﬁcantly affect both the overall rate and the angular dis-
tribution of ﬁnal-state particles in multiple interaction processes.
Two-parton distributions have a nontrivial color structure since
each parton can carry a different color in the scattering ampli-
tude and its complex conjugate. In addition, there are interference
terms in fermion number and ﬂavor as shown in Fig. 3.
To develop a reliable phenomenology, one needs information
about the size and kinematic dependences of two-parton distri-
butions. One can relate them to generalized parton distributions
for single partons, which are experimentally accessible in exclusive
scattering processes, but this requires an approximation whose re-
liability we cannot quantify. Nevertheless this relation offers some
guidance, especially about the interplay between longitudinal mo-
mentum and transverse position of partons, as well as the size of
two-parton distributions that are of interference nature and hence
do not have an intuitive probability interpretation. For transverse
parton momenta above a few GeV one can compute transverse-
momentum dependent distributions in terms of collinear ones and
thus has more predictive power from theory. We ﬁnd a tendency
for a simpliﬁed color structure in this regime, but quantitative
estimates remain to be done. Finally, we have identiﬁed matrix el-
ements closely related to two-parton distributions that are suitable
for evaluation in lattice QCD.
To go from tree level to genuine factorization formulae, one
must be able to sum certain types of collinear and soft gluon
exchanges into Wilson lines. We argue in [12] that for double-
scattering processes producing color-singlet particles this can be
achieved using the methods that have been successfully applied
to single Drell–Yan production [8–11]. This also permits the re-
summation of Sudakov logarithms, with important results sketched
in Section 14. For multiple jet production the situation is un-
fortunately more complicated, as serious obstacles to formulating
transverse-momentum dependent factorization have been identi-
ﬁed even for single hard scattering [29]. The production of two
electroweak gauge bosons thus emerges as a channel where thecurrent perspectives for developing the theory look best, and
where different aspects of multiple interactions can hopefully be
explored experimentally at LHC. For phenomenological estimates
of WW production we refer to [64,65].
The cross section for double hard scattering involves an integral
over the transverse distance y between the two partons emerging
from each hadron. This includes the region of small y, where the
two partons can originate from the perturbative splitting of a sin-
gle parton. We ﬁnd that this mechanism, which also affects the
scale evolution of multiparton distributions, leads to serious ultra-
violet divergences in the cross section and to a double counting
problem between single and double scattering. To modify the def-
inition of multiparton distributions and possibly the cross section
formulae is a prerequisite for putting the theory on solid ground.
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